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Problematics

Graph

A graph G is defined by an ordered pair of disjoint sets (V, E), such that V/
corresponds to a finite set of vertices and £ C V' x V corresponds to a set of edges.

Questions

Q1: How to acquire intrinsic features and properties from graph datasets?

Q2: How to construct graphs endowing desired features and properties?

Features and

properties
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Introduction

Machine learning

» Patterns
o Features
» Properties

Machine learning

Input data methods

Graph space

Euclidean space

e |t is a continuous space; e It is a discrete space;
e The element dimension is e The numbers of vertices and edges in graphs
fixed. can be arbitrary;

e Multiple labels and attributes can be plugged
into vertices and edges;

e Graph isomorphism.
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Introduction

Graph edit distances, graph embedding and graph kernels

Graph
edit distances Uy e
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Introduction

Graph kernels and pre-image problem

Applications

Regression:
boiling point,
biological activity...

Graph Kernels (Q1)

Classification:
toxicity,
anti-HIV,
carcinogenicity,
enzyme...

molecule

Applications
image reconstruction,
Pre-image moleculel synthesis,
Methods (Q2) drug design...

Vi

molecule
(pre-image)

graph pre-image
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Contributions

Kernel space: graph kernels (Q1)
Graph space: GED

i
'

'

'

'

i ‘ Comparisons ‘

'

: The stability of GED
'

'

'

'

'

Methods to reduce computational
complexity

The pre-image problem (Q2)

‘ Align the two spaces ‘ Increasing the accuracy

Learn the edit costs of GED

An iterative algorithm
to construct the pre-
image

11 Graph kernels Pre-image methods

Implementation: the
graphkit-learn library

GED heuristics Python interface for GED in C++
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Kernel space: graph kernels based on sub-patterns

Overview

@® Kernel space: graph kernels based on sub-patterns
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Kernel space: graph kernels based on sub-patterns

R-convolution kernel
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1 . .
Haussler, Convolution kernels on discrete structures, Tech. report, 1999.
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Kernel space: graph kernels based on sub-patterns

Graph kernels based on sub-patterns

£§ ‘?/‘ Kernel 5 k(G,G') = (pn(G), pn(G"))
¢ o

HG.6) T S o T2 bl )
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Kernel space: graph kernels based on sub-patterns

Linear and non-linear graph kernels!
Linear patterns based on paths
Linear patterns based on walks

e Common walk kernel e Shortest path kernel

o Marginalized kernel e Structural shortest path kernel

o Generalized random walk kernel o Path kernel up to length h

- Sylvester equation kernel Based on non-linear patterns
- Conjugate gradient kernel

- Fixed-point iterations kernel

- Spectral decomposition kernel

o Treelet kernel

o Weisfeiler-Lehman subtree kernel

Jia, Galizére, and Honeine, Graph Kernels Based on Linear Patterns: Theoretical and Experimental Comparisons.
(submitted to Expert Systems with Applications in March, 2020)
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Kernel space: graph kernels based on sub-patterns

Graph kernels comparison

Labeling

e On vertices: symbolic 9 kernels, non-symbolic 4 kernels;

e On edges: symbolic 7 kernels, non-symbolic 3 kernels.

Time complexity to computing Gram matrix

e Worst case: O(N2n®) (common walk);
e Best case: O(N2h*n2d?") (path kernel up to length h).

— An Achilles’ heel!

Solution: methods to speed up the kernel computation.
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Kernel space: graph kernels based on sub-patterns

The proposed extension of the

Fast Computation of

Shortest Path Kernel (FCSP) method

The shortest-path (sp) kernel

Original graphs

koo (w1

Kernels between shortest paths
key (v2
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Kernels between vertices
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The FCSP method

A new framework

The naive computation:

Kernels between vertices

- 0 # Comparisons

-0 Ko(viug) k(v u2) e (v2,u2) ku(v1,u2) 6
ku(vzur) (o) (o ko(vr,u) 4
@-@ ") Bl klww Lug) 2
Fo(varua)  ko(vsws)  Fulvs,us) k(o) 3
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ky 3
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Folva,us)  ky(vs,us)  ky(vs, ug) ko(vs,us) 4
ko (v2, 1) ky(v3,us) 6
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VK (Vertex Kernels):

ky(vo,u0)  ky(v1,uo

lB - Average #
ky(vo,u1)  ky(v1,uq 000 * Z D Sl I@ computations:
1
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path kernel

Contribution: extend FCSP to edges and structural shortest path kernel.
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Kernel space: graph kernels based on sub-patterns

The FCSP method:

The comparison of runtimes

35
104 — 30
25
B 103 | = shortest path, with FCSP (ts,)
0w
£ 208 shortest path, no FCSP (ts,)
?
§ S @t by,
, 15 structural sp, with FCSP (tssp,)
10 [ 10 structural sp, no FCSP (tssp,)
- @ tosp,/ tosp,
. 5
10 —
i 10

NN poydiC B0 R M\ﬁkao“otefpigﬁ‘er-h\%‘;“er—mﬁﬁer—\ow

datasets

e The FCSP dominates the performance. e Best speedups (both on the PAH dataset):

> 28X for the shortest path kernel;
> 37X for the structural shortest path kernel.
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Kernel space: graph kernels based on sub-patterns

The Trie structure:
The path kernel up to length h

h=0 h=1 h=2
o %o o °°
¢« @ ©-0-0
o 0-©
@ Paths zkp
e Fipatn (G1,G2)
e 9 e The path kernel
6
“ 2 0-@ 0-0-0
. 54
®@ 06
Original graphs Groups of paths up to length 2
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The Trie structure:

The construction of Trie

Store a set of strings in a trie! Contribution: construct a trie from paths
in a graph

@
4
can  you ol °‘\. @A) B @) © ®
o 3 .0°2:° Y. Q /e {AaB) BIA) (A0)
a canner —> T @you (AS.D) (AaBBA)

can can can / (B.8,A,7,C) (B,3,A,0.D)

a can? ‘

W (Aa.B,8,A7,C) (A,B,5,A,,D)

9
’d
can?@ .\.\‘ecamney graph paths

7.00

,oN ‘o
D/c° B. .D .go

1Fredkin, Trie memory, Communications of the ACM 3, 1960.
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Kernel space: graph kernels based on sub-patterns

The Trie structure:

Effect of the trie structure: memory usages

107 et
.

. 10°

2o}

<
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8 10°

[%]

=]

fa

g 104

0)

£

103
102
maximum length of paths h
—— Alkane —— ENZYMES —— NCI109
—— PAH —— NCI1

e Dot lines: explicit storing; e Save memory (= 55X);
e Solid lines: storing using trie. e Save time (by avoiding swapping between mem-

ory and hard disk).
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Kernel space: graph kernels based on sub-patterns

Performance on real-world datasets

Datasets

Substructures

e Linear and non-linear for all datasets;

e Cyclic for all datasets except Alkane, Acyclic.

v
Labeling

e On vertices:

— Symbolic (9): Alkane, Acyclic, MAO, MUTAG, Enzymes, AIDS, NCI1, NCI109, DD;
— Non-symbolic (3): Letter-med, Enzymes, AIDS.

e On edges:
— Symbolic (3): MAO, MUTAG, AIDS.

e Small (3): Alkane, Acyclic, Letter-med,;
® Regression (2): Alkane, Acyclic; e Medium (7): MAO, PAH, MUTAG, Enzymes,
e Classification (9): else. AIDS, NCI1, NCI109;

e Big (1): DD.
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Kernel space: graph kernels based on su

Performance on real-world datasets

Accuracy N Runtime:
10~

g £ 10 Labeled datasets (MAO,
£ 2 MUTAG) achieve better
£ accuracy than unlabeled
2 I I ones (PAH).
nl II
PAH MAO MUTAG PAH MAO MUTAG
datasets datasets
= commonwalk  WEE Sylvester equation fixed-point iterations WEm shortestpath W pathuptolengthh s WL subtree
== marginalized W conjugate gradient spectral decomposition W structural sp . treelet
Accuracy Runtime
100 107
"
80 &
£ 1072
Consider non-symbolic la- £ « I
5 H
. g 2 e
bels when possible leads to g
. . ® =
one times higher accuracy H
20 €107
(Letter-med, Enzymes). H
o n
all labels ssymbolic labels only all labels. ssymbolic labels only
labels
= conjugate gradient, Letter-med - shortest path, Letter-med = conjugate gradient, Enzymes W shortest path, Enzymes
mmm fixed-point iterations, Letter-med structural sp, Letter-med mmm fixed-point iterations, Enzymes structural sp, Enzymes
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Kernel space: graph kernels based on sub-patterns

Performance on real-world datasets

Comparison of kernels based on linear and non-linear patterns

Accuracies achieved by graph kernels
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@ © = s s E = § H $ @ g H
H 5 8 H
Alkane [15.52 Alkane
Acyclic (12,93 18.77 Acyclic 024 |
MAO 0.88
MAO
PAH 1.32
PAH 715 73.93 58.33 745 75.27
Wtag losa o 104
Mutag
Letter-med . N .85 178 | 1.57 1.62 1.08
teer-mea (36,10 [JER o727 [958 (81 5638
Enzymes sis (072 260 279 |34 | 205 21
Enzymes [42.81 45.92-6\) 89 63.11
AIDS 137 291 3.03 |3.74 | 2.95 - 159
ADs
NeiL 2.3 -zm
0&D 2.67

NCI109 60.62 67.6 67.25

pap

In regression error (the upper table) and classification
rate (the lower table) estimated on the test set.

Kernels based on linear patterns achieve success on non-linear structures with competitive
accuracy and time complexity to non-linear patterns, especially the kernels based on paths.

Bridging Graph and

Linlin JIA

Time used to compute Gram matrices of graph kernels

In logq of seconds.




Kernel space: graph kernels based on sub-patterns

Implementations of graph kernels

Implemented graph kernels shown in a UML class diagram

kernels
‘ GraphKernel ‘
A
CommonWalk | | ShortestPath l—
Marginalized | | StructuralSP l—
RandomWalkMeta | | PathUpToH I—
- -I SylvesterEquation | | Treelet l—
i —-I ConjugateGradient | | WeisfeilerLehman l—
I
L- -I FixedPoint | | WLSubtree
1
1
1
- - -I SpectralDecomposition |
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Kernel space: graph kernels based on sub-patterns

Conclusion

Conclusion on tackling Q1:

e Linear patterns achieve competitive accuracy and time complexity;
e Linear patterns achieve success on non-linear structures;
e Strategies can significantly accelerate the computation;

e Non-symbolic labels matters as well.

Not in graph space, cannot construct graphs directly = use GEDs.
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Graph space: stability and metric learning of graph edit distances

Overview

© Graph space: stability and metric learning of graph edit distances
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Graph edit distances

edit path ™ = (vi,, Ury, Vs, Usyy Upy - - - )
k

a(C 7G _ . C i;G 7G
ged(G1,G2) mhu,mcnelhﬂ(Gth); e
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Graph space: stability and metric learning of graph edit distances

Graph edit distances

edit path 7 = (Uiovvroavsovvsuvm . )

k
ged(Gy,Gs) = min ZC’(m,Gl,Gg)

T1,..., TR EI(G1,G2) =1

Linlin JIA Bridging Graph and Kernel Spaces: A Pre-image Perspective



Graph edit distances:

Edit costs

C(m,G1,Ga) = Y copi(e,v) + Y copr(,8) + Y copslu, m(w))

veEVH ueVy ueVy
Lt (w)¢vy m(u)¢Va m(u)EVa
+ E cepi(e,e) + E cefr(e,€) + E cess(e,m(e))
inserted edges removed edges substltuted edges

Let edit costs be constants,
then C(Tl', Gla GQ) = NurCur + NuiCvi + NusCus + NerCer + NeiCei + NesCes

T
= [nvm Nuiy Nus, Ner, Nei, nes]

Let
_ T
Cc = [C’UT‘7 Cuiy Cus, Cer, Ceiy Ces]

= ged(G’i,Gj) —w'e
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Graph space: stability and metric learning of graph edit distances
Graph edit distances

Heuristics to compute GED
Problem: computing GED is NP-hard!.

Solution: approximate using heuristics:

e Computing GED is a quadratic problem, which can be solved by IPFP? or

mIPFP3 (more accurate).

e Reduce the problem to a linear sum assignment problem with edition or
error correction (LSAPE) and then solve it by bipartite®.

New problem induced by heuristics:

Approximations are not optimal, which induce randomness, which

causes instability!
Thus the study of the stability is necessary.

Bougleux, et al, Graph edit distance as a quadratic program, 23rd ICPR, 2016.

Bougleux, et al, Graph edit distance as a quadratic assignment problem, Pattern Recognition Letters, 2017.

AW N

Zeng, et al, Comparing stars: On approximating graph edit distance, Proceedings of the VLDB Endowment 2, 2009.

Bougleux, et al, Fast linear sum assignment with error-correction and no cost constraints, Pattern Recognition Letters,

2020.
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Graph space: stability and metric learning of graph edit distances

Contribution: the study of stability

The relative error:

Z SN2 I@ea™ (G5, Gy) — gedy (G, G|
‘I‘
N2 (El = lged("’)(Gi,Gj) +ged0(Gi,Gj))

Factors:
1. # of solutions (m): 2. The ratio between vertex and edge edit costs:
Lo . average(cy, f;, C c
The number of random initial candidates of the Ree = ge(Cofis Cufrs Cofs) .
GED heuristic. average(cefivcefrv Cefs)
(a) Number of solutions (b) Ratio between edit costs
107t \\\
B 10-2 &\ R 1071 =
I AN SS— g
P n
§ 107 \\ £ ——-\.\
G @ 10-2
p 1074 \ \ 2 ~
210 < z
10-6 1072
0 25 50 75 100 10~ 100 10
# of solutions m ratios Rec
—— Alkane  —— Acyclic —— MAO —— Monoterpens —— MUTAG
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Graph space: stability and metric learning of graph edit distances

A metric learning approach to graph edit costs

State-of-the-art methods to learn edit costs

Set manually (expert costs)!:

Domain knowledge is implied a priori.
Costs are required in datasets.

It is hard to generalize.

Data information is not well explored.

y

Learn costs:

e Edit costs are tuned for each task?.

e Literature on metric learning for graph data is limited:
— Some have high computational complexity3.
— Some are restricted to strings and trees*.

— Some require a ground-truth mapping®.

Our method:

Learn edit costs by aligning GEDs and distances between targets.

lAbu-Aisheh, et al, Graph edit distance contest: Results and future challenges, Pattern Recognition Letters, 2017.

2
Garcia-Hernandez, et al, Learning the edit costs of graph edit distance applied to ligand-based virtual screening, Current
topics in medicinal chemistry, 2020.

3

Neuhaus and Bunke, Automatic learning of cost functions for graph edit distance, Information Sciences, 2007.
4Be|let, et al, Good edit similarity learning by loss minimization, Machine Learning, 2012.

Cortés, et al, Learning edit cost estimation models for graph edit distance, Pattern Recognition Letters, 2019.
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Graph space: stability and metric learning of graph edit distances

A metric learning approach to graph edit costs
Align graph space and the target space

g o

o (hsii¥idy ©
SN N

ged, =dy,, ged, =dy,, ged;=dy;, ged, =dy,,

{ged(Gi,Gj) —w'e
dy(Gi, G) = lly(Gi) —y(Gy)ll2

N 2
= |argmin E (gedw - d;’g)
c,w>0 Q=1
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A metric learning approach to graph edit costs

An alternated optimization strategy

] v G, G,
argmin |[W e —d,|? o
c=0 ged Gl7G ) = w(ihj)Tc
CVXPY, scipy bipartite, IPFP

— Coptimized

e WT: the N2-by-6 matrix with rows w(i, ) T;
e dy: the vector of N2 entries dy(G;,Gjy), fori,j=1,...,N.
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Graph space: stability and metric learning of graph edit distances

A metric learning approach to graph edit costs

Experiment settings

e Molecules and their boiling points as targets:

— The Alkane dataset: unlabeled;
— The Acyclic dataset: nodes with discrete labels.

Configurations:

o K-NN regression problem;

e mbipartite and mIPFP with m = 40;
e Outer CV: 90% training + 10% test, inner CV: 5-fold,;
e k optimized in inner CV over {3,5,7,9,11};

e Maximum number of iterations: 5.
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Graph space: stability and metric learning of graph edit distances

A metric learning approach to graph edit costs

Performance
Results on each dataset in terms of RMSE for the 10 splits, measured on the training and on the
test sets (compared to [1] which uses genetic algorithms to optimize edit costs):

bipartite, Euclidean bipartite, Manhattan IPFP, Euclidean IPFP, Manhattan

train test train test train test train test

RMSE

train test train test train test train test

I random I expert Il Garcia-Hernandez2020 I proposed

[1] Garcia-Hernandez, et al, Learning the edit costs of graph edit distance applied to ligand-based virtual screening,
Current topics in medicinal chemistry, 2020.
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Graph space: stability and metric learning of graph edit distances

A metric learning approach to graph edit costs

Performance

Table: Average and standard deviation of fitted edit costs values

Dataset Edit cost Distance Cni Cnr Cns Cei Cer Ces
binartite Euclidean  26.45+0.48 26.24+0.60 - 0.134+0.06 0.14+0.09 -

Alkane P Manhattan 26.67+0.37 26.63+0.58 - 0.114+0.04 0.11+0.06 -
\PEP Euclidean  26.12+0.24 25.88+0.25 - 0.74+0.23 0.78+0.23 -
Manhattan 25.94+0.38 25.71+0.44 - 0.89+0.30 0.77+0.29 -

Euclidean  13.81+0.48 13.834+0.80 10.46+0.40 1.37+0.46 1.45+0.46 1.4140.09
Manhattan 13.76+0.39 14.14+0.57 10.28+0.44 1.44+0.20 1.454+0.19 1.45+0.07

Euclidean  11.61+0.45 11.684+0.43 11.07+0.53 4.49+0.30 4.46+0.24 4.48+0.18
Manhattan 11.5240.40 11.40+0.40 10.61+0.52 4.5040.31 4.5040.31 4.50+0.10

bipartite
Acyclic

IPFP

e Insertion and deletion costs are almost similar, hence showing the symmetry of
these operations.

e Deletion and insertion costs are more important than substitution costs, which
shows that the number of atoms is more important than the atom itself.
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Graph space: stability and metric learning of graph edit distances

A metric learning approach to graph edit costs
Relation to stability

= 1072 $
Wi N \
4
<
@
GJ
= *
E
1073 \
107t 10° 10t
ratios Rec

—— Alkane = —— Acyclic ®  Expert @® With Euclidean € With Manhattan

e The optimized costs v.s. the expert costs: higher ratios < lower relative errors;

e Optimized costs = higher stability of GEDs.
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Graph space: stability and metric learning of graph edit distances

god Implementations of graph edit distance
env

| GEDEnv
y ¢
GEDData NodeMap =ar
P A 1
—————————— 1 !
- 1
edit_costs methods : 0
X 1
. 1
N 1
_9| EditCost | | GEDMethod =l
1
1
1

-I LSAPEBasedMethod

’.___

/N N,
I
Jo

1
1
| LSAPESolver |< -{ Bipartite .
1
1
median :
1
1
_____ _I MedianGraphEstimator |— L - - &
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Graph space: stability and metric learning of graph edit distances

Conclusion

Conclusion:

e We studied the stability of the GED heuristics;

e We proposed a method to learn optimal graph edit costs for
regression:

— We apply metric learning for space alignment;
— An alternated optimization strategy is used to update costs.

e Experiments show promising results.

Constructing graphs using edit operations —> used for graph
pre-image methods
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Graph pre-image: bridging two spaces

Overview

O Graph pre-image: bridging two spaces
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Graph pre-image: bridging two spaces

Backgrounds

Graph kernels and graph pre-images

HO\NH//O G
" Graph Kernels (Q1)
k R,
—>
)
molecule
NH,
G
- < on(Gi), on(G) >
Pre-image Methods (Q2)
o,
N
| molecule ) R
oH (pre-image) graph pre-image G
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Backgrounds

Current graph pre-image methods

Baseline: based on random iteration

It explores the kernel space;

e |t is restricted to inserting or removing edges;

It can only deal with a small number of inserted/removed edges;
e There is no labeling information;

Random construction leads to quality decrease and is time-consuming.

Contribution: our framework:

GED as a direction + an iterative graph pre-image method:
e Variant 1: with random edit costs;

e Variant 2: with expert edit costs;

e Variant 3: with optimized edit costs.

1 . . . . .
Bakir, et al, Learning to find graph pre-images, Joint Pattern Recognition Symposium, 2004.
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Graph pre-image: bridging two spaces

Proposed graph pre-image framework
The generalized median graph

Median graph computed by BCU corresponds to the mean element in the kernel space. I

Block Coordinate Update (BCU)

®® ® ©® © ®
© © ©
®@ ® p & © @

B

® ®
® O ®
© g '©
©

@®
®6® » ©-0

A SOTA method to construct median graph based on GED' is used.

1Boria, et al, Generalized median graph via iterative alternate minimizations, International Workshop on Graph-Based
Representations in Pattern Recognition, 2019.
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Proposed graph pre-image framework

A variant: align graph space and kernel space

di =dwn,, do=dy,, ds=dy,, da=du,,

{ ged(Gi,Gy) =w' ¢
1(9(Gi), 6(Gy)) = VE(Gi, Gi) + k(G;,G5) — 2k(Gi, Gj)

N
N2
J i,j
= |argmin E (ged dH)
c,w=>0 =1
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Proposed graph pre-image framework

A variant: alternative iterative optimization strategy

argmln W e —du|?
subject to ¢> 0 v Gi, Gy,
oo T
Cor + Cvi 2 Cus ged(Gi7 G]) = W(Z,]) [&
Cer + Cei 2 Ces bipartite, IPFP
CVXPY, scipy

— Coptimized

e W the N2-by-6 matrix with rows w(i, )"
e dy;: the vector of N2 entries dy (4(G:), ¢(G;)), fori,j=1,...,N
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Proposed graph pre-image framework

A variant: generate graph pre-image

Using copiimi-ed, alternately iterate the following procedures:

Tp

Update median graph Compute GEDs with
q bipartite or IPFP
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Graph pre-image: bridging two spaces

Experiment settings

e The Letter datasets:
— Handwriting letters with different distortions;
— Nodes with continuous labels.

e mbipartite and mIPFP with # of batches of solutions m = 40;

e Size of median set: 150;
e Maximum number of iterations: 6.
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Graph pre-image: bridging two spaces

Distances in kernel space

Running Times (in seconds)

Datasets  Graph Kernels Algorithms dy
Optimization ~ Generation  Total
From median set 0.406 - - -
shortest path Proposed: random costs 0.467 - 142.59 142.59
Proposed: expert costs 0.451 - 30.31 30.31
. Proposed: optimized costs  0.460 5968.92 26.55 5995.47
Letter-high
From median set 0.413 - - -
structural sp Proposed: random costs 0.435 - 30.22 30.22
Proposed: expert costs 0.391 - 29.71 29.71
Proposed: optimized costs 0.394 24.79 25.60 50.39
From median set 0.425 - - -
shortest path Proposed: random costs 0.303 - 25.61 25.61
Proposed: expert costs 0.288 - 26.93 26.93
Proposed: optimized costs  0.288 23.72 24.79 48.52
Letter-med
From median set 0.380 - - -
structural sp Proposed: random costs 0.286 - 24.77 2477
Proposed: expert costs 0.248 - 27.51 27.51
Proposed: optimized costs 0.248 27.06 29.24 56.30
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Pre-images constructed by different algorithms

Pre-images generated as median graphs for each letter of Letter-high
dataset using random costs, expert costs and optimized costs:

e AR P AHNKNMNTVIHXY
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SSP, optimized costs
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Implementations of graph pre-image methods

preimage
PreimageGenerator |

; )

1
_In,n., ||n, |_
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Graph pre-image: bridging two spaces

Conclusion

Conclusion:

e We proposed a novel framework to estimate graph pre-images:

— Three variants are proposed;
— Kernel and graph spaces are aligned using metric learning;
— Edit costs are optimized during this procedure;

— The graph pre-image is constructed with the optimized costs
using an alternative iteration.

e The proposed framework generates better pre-images than other
methods.
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Conclusions and future work

Overview

@ Conclusions and future work
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Conclusions and future work

Conclusions

Kernel space: graph kernels
Graph space: GED

i
!

!

!

'

. ‘ Survey/Comparisons ‘

!

: The stability of GED
!

!

!

!

!

Strategies to reduce computational
complexity

The pre-image problem

‘ Align the two spaces ‘ Increasing the accuracy

Learn the edit costs of GED
for regression

An iterative algorithm
to construct the
pre-image

11 Graph kernels Pre-image methods

Implementation: the
graphkit-learn library

GED heuristics Python interface for GED in C++
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Conclusions and future work

Kernel space: graph kernels
Graph space: GED

i
1

1

'

'

1 ‘ Relation: linear patterns v.s. SOTA ‘

] The stability of GED:
'

1

1

'

1

'

Improve strategies to reduce a thorough study
computational complexity

The pre-image problem \
Increasing the accuracy

The convergence proof

i
'

'

'

1

:

'

: To classification problems
] The generalization of the method

1

'

1

1

'

'

1

To non-constant costs

Advantage of emerging tools: GNN... /

Enrich the ‘ SOTA graph kernel, GEDs, pre-image methods

graphkit-learn library Integration: GNN, knowledge graphs...

J
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Conclusions and future work

Publications

Peer-reviewed journal papers

e Linlin Jia, Benoit Gaiizére, and Paul Honeine. graphkit-learn: A python library for graph kernels based on linear
patterns. Pattern Recognition Letters, 2021.

e Linlin Jia, Benoit Gaiizére, and Paul Honeine. Graph Kernels Based on Linear Patterns: Theoretical and Experimental

Comparisons. (submitted to Expert Systems with Applications in March 2020)
”

Peer-reviewed international conference papers

e Linlin Jia, Benoit Gaiizére, and Paul Honeine. A Graph Pre-image Method Based on Graph Edit Distances.
Proceedings of IAPR Joint International Workshops on Statistical Techniques in Pattern Recognition (SPR 2020) and
Structural and Syntactic Pattern Recognition (SSPR 2020), 2021.

e Linlin Jia, Benoit Gaiizére, Florian Yger and Paul Honeine. A Metric Learning Approach to Graph Edit Costs for
Regression. Proceedings of IAPR Joint International Workshops on Statistical Techniques in Pattern Recognition
(SPR 2020) and Structural and Syntactic Pattern Recognition (SSPR 2020), 2021.

e graphkit-learn: A Python package on graph kernels, graph edit distances and graph pre-image problem.
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Conclusions and future work

Questions

Thank you.

Any questions?
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Appendices

Graph kernels comparison

Table: Characteristics of graph kernels based on linear patterns and two on
non-linear patterns.

Substructures Labeling Time -
K | boli non-symboli Directed E.dge Complexity EXD“C“. Weighting
ernels linear i cyclic symbolic on-symbolic Weighted / Representation
- (Gram Matrix)
vertices edges vertices edges

Common walk v X X v v X x v X O(Nnf) X a priori
Marginalized v X X v v X X v X O(N?*rnt) X X
Sylvester equation v X X X X X X v v O(N?n?) X a priori
Conjugate gradient v X X v v v v v v O(N?rnt) X a priori
Fixed-point iterations v X X 4 v v 4 v v O(N?*rnt) X a priori
Spectral decomposition v X X X X X X v v O(N?n? + Nn?) X a priori
Shortest path v X X v X v X v v O(N?n?) X X
Structural shortest path v x x v v v v v X O(hN?*n* + N*nm)) x X
Path kernel up to length b~ v/ x X v v x x v x O(N2h2n?d?) v v
Treelet v v x v v X X v X O(N*nd”) v v
WL subtree v v x v x X X v X O(Nhm + N?hn) v X

— The “Time complexity” column is a rough estimation for computing the Gram matrix.

— The “Explicit representation” column indicates whether the embedding of graphs in the representation space can be
encoded by a vector explicitly; in other words, whether the patterns of graph kernels can be explicitly presented.

— The "Weighting” column indicates whether the substructures can be weighted in order to obtain a similarity measure
adapted to the problem at hand, where “a priori” indicates that the weights are set while constructing kernels.
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Effect of parallelization: number of computing cores

Gram matrix
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Paya//e//zaTIOW =W compute Gram matrix on 28 CPUs (t;)  mmm model selection on 7 CPUs
== model selecti 28 CPU dup = to/ t
Core 1 I_ll_ll_ll_ll_ll_ll—][_][—l - Lr;om:u: gfalrf\:\nn::trix on 7SCPU5 (t2) spespman
core2 |||l )L

The speedup for large-scale datasets are around 4, which turns out to

Core 3 E‘:DDDDDD be the inverse ratio of the number of CPU cores (28/7).
corea [ JIICICICIC]
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Appendices

Effect of parallelization: chunksize

FIgU I'€. The ratio between runtimes of the worst and the

FIgU €. Runtimes to compute the Gram matrices of the
shortest path kernel with different chunksize values. best chunksize settings.

107!

H
H
H
H

shortest path
structural sp
treelet

common wak
marginalizeq
Sylvester equation
conjugate gradient
fixed-point iterations
spectral decomposition

S| Pathup totengen 1,
&

|

2

Alkane

.l o
Acyclic

489 272 1.02

646 20 1.03
1.04

runtime(s) per pair of graphs

=
)
&

g3

3

e

83

1074 = 206 3.26
W- ﬂ Mutag | 116 101
\ M Letter-med | 1.43 1. " 1.01
: — Enzymes | 1.43 [14566] 185 203 101
107> ’ o " . " - AIDS [ 108 159 20 1.07 108 18 215 1.01
10 10 10 10 10 10
! Nen 117 194 127 1.07
parallel chunksize
Nei109 127 193 13 1.07
—— Alkane —— MAO —— MUTAG —+— ENZYMES D&D 1.01
—— AIDS

—e— Acyclic ~—— PAH —— Letter-med
e The ratio is up to 30 times faster.

o Wise chunksize choices can not be too small or too large;
e It could be more than 20 times faster than the worst
choices.
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Appendices

Experiment settings: environment settings

Two-layer nested cross validations
Environment settings

one trial
Environments Settings v
cpu Intel(R) Xeon(R) E5-2680 v4 @ 2.40GHz inner v
# CPU cores 28 -
Memory (in total) 252 GB validation
Operating system CentOS Linux release 7.3.1611, 64 bit

Python version e outer CV: 90% evaluation + 10% test;

e inter CV: 90% training + 10% validation;
e 30 trials.

The ranges of hyper-parameters for each kernel

Kernels Hyper-parameter ranges

method: geo, v: [0.01, 0.02, ..., 0.15]
Common walk method: exp, v: [0,1, 2, .. ., 15]
Marginalized iter: [1,5,...,20], pg: [0.1,0.2, ..., 1.0]
Sylvester equation A: [1-10, 1e-9, . . ., le-1]
Conjugate gradient A: [1-10, 1e9, . . ., le-1]
Fixed-point iterations A: [1-10, 1e-9, . .., le-1]
Spectral decomposition A: [1-10, 1e9, . . ., le-1]
Path kernel up to length h h: [1,2,...,10], kfunc: [MinMax, Tanimoto]
Treelet kernel: gaussian, v: [1le-10, 1e-9, ..., 1]

kernel: polynomial, d: [1, 2, ..., 10], ¢: [1, 10, ..., 1el0], v: [le-10, 1e-9, ..., 1]

WL subtree height: [0, 1, ..., 10]
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Appendices

Performance on synthesized graphs

(a) dataset size (b) number of vertices (c) degrees
10°

2000 10°

1500 10¢ —
Z 1000 5 &
k] T T
£ £ £
£ 500 £ £
2 2 2

200 400 600 800 1000 20 40 60 80 100
# of graphs # of vertices degrees
(d) alphabet size of vertex labels (e) alphabet size of edge labels (f) degree distributions
100
10?
80
a o) g
: : g w0
210 B 5
2 F— 2 S 40
®
20
10° 0-
5 10 15 20 10 20 30 40 [ entropy = 0.4 & entropy = 2.2
# of alphabets # of alphabets datasets.
s cOmmon walk conjugate gradient = shortest path e treelet
marginalized = fixed-point iterations = structural sp m— \WL subtree
= Sylvester equation spectral decomposition === path up to length h
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Appendices

Performance on real-world datasets

Datasets

Substructures Numbers of Labels
Class
i - i Directed N n m d Task
Datasets linear non-linear cyclic symbolic non-symbolic recte " " Numbers %
vertices edges vertices edges

Acyclic v v X 3 X X X X 183 8.15 715 147 - R
Alkane v 4 X 2 X X X X 150 887 787 175 - R
MAO v v v 3 4 X X X 68 1838 19.63 213 2 C
PAH v v v X X X X X 94 20.70 2443 236 2 C
Mutag v v v 7 11 X X X 188 17.93 19.79 219 2 C
Letter-med v v v X X 2 X X 2250 4.67 321 1.35 15 C
Enzymes v 4 v 3 X 18 X X 600 3263 62.14 3.86 6 C
AIDS v v v 38 3 4 X X 2000 1569 1620 2.01 2 C
NCI1 v v v 37 X X X X 4110 29.87 3230 216 2 C
NCI109 v v v 38 X X X X 4127 29.68 3213 215 2 C
D&D v v v 82 X X X X 1178 284.32 715.66 4.98 2 C

— "Substructures” are the sub-patterns that graphs contain;

—  “Numbers of labels” include numbers of symbolic and non-symbolic vertex and edge labels, with X for no label;

— "Directed” exhibits whether directed graphs are included;

— N is the number of graphs; 7i is the average number of graph vertices;

— 1 is the average number of edges;

— d is the average vertex degree;

— “Tasks" are either regression (“R") or classification (“C").
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Appendices

Performance on synthesized graphs

Observations

e # of graphs: runtimes are quadratic in the number of graphs;

# of vertices: number of vertices /' = runtimes 7;

e Average # vertex degree: most kernels have good scalability to the
degrees.

e Alphabet size of symbolic vertex labels: size ~ = runtimes of path
kernel up to length h %, common walk kernel and structural shortest path
kernel ™, else the same.

e Alphabet size of symbolic edge labels: size .~ =—> runtimes of path
kernel up to length h 7, else the same.

e Distribution of degrees: has little effect on runtimes.
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Appendices

Performance on real-world datasets

Time used to compute Gram matrices of graph kernels

Accuracies achieved by graph kernels

s
N e 5
PR . & 2 =
s o« 5 2 : FF O g
s 8 H g £ - £ [ 2
g s gz . 2 « 3 § § & E 5 & =&
X § £ & £ E 5@ o s & & 5 £ g & 5 3 E
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H H s 2 & £ 3 s £ g £ & 5§ 8 5 ¢ & 5 5 3
s & B g ; £ £ g 3 H E 2 H S 3 g 3 5 @
£ § 2 ¢ E F OE s ¢ £ f £ 0 3 o§ £ &8 § ‘¢ £
g > § & g H a g H g @ 8 & §
&
Alkane
Acyclic
mao
PAH
Mutag
PAH 57.67 71.5 73.93 5833 70.73 69.4 745 7527 66.3 75.93
Letter-med 208 113 197 185 178 157 162 108
Enzymes 3.18 072 262 279 3.4 2.85 2.16 2.08 1.41
3.03 3.74 295 3. 1.59 0.87 2.22

et
aos | 2. 137 291

23 39 B 20s 148 302

148

23 [437 [ass] [BEE) 205 148
267 2.95

60.62 67.6 67.25
In logy(y of seconds.

In terms of regression error (the upper table) and clas-
sification rate (the lower table) estimated on the test

set.
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Performance on real-world datasets

Comparison on graphs with different average vertex numbers/degrees

(a) PAH (b) MUTAG

0.0150

0.0125 102

0.0100 /

0.0075
© 0.0050 103
s
e @é —— common walk
2 0.0025 — —— marginalized
2 —— Sylvester equation
® 18 20 22 12,5 15.0 17.5 20.0 225 conjugate gradient
e average vertex number average vertex number -onjugate gradier
) —— fixed-point iterations
;- 10t (c) Enzymes 10 (d) Enzymes - average vertex degree Spectral decomposition
g —+— shortest path
= 100 100 —— structural sp
§ —~— path up to length h

e % o
102 102 &¥—‘

1073 %/‘ o
1074 1074
20 30 40 50 325 3,50 3.75 4.00 425 4.50
average vertex number average vertex degree

Bigger # of vertices cause the increase of the computational time (Worst: common walk kernel,
the structural shortest path kernel; Best: path kernel up to length h).
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